Lattice-Boltzmann Hydrodynamics of Anisotropic Active Matter by de Graaf, Joost et al.
Lattice-Boltzmann Hydrodynamics of Anisotropic Active Matter
Joost de Graaf,1, ∗ Henri Menke,1 Arnold J.T.M. Mathijssen,2
Marc Fabritius,1 Christian Holm,1 and Tyler N. Shendruk2
1Institute for Computational Physics, University of Stuttgart, Allmandring 3, 70569 Stuttgart, Germany
2The Rudolf Peierls Centre for Theoretical Physics,
1 Keble Road, Oxford, OX1 3NP, United Kingdom
(Dated: October 8, 2018)
A plethora of active matter models exist that describe the behavior of self-propelled particles (or
swimmers), both with and without hydrodynamics. However, there are few studies that consider
shape-anisotropic swimmers and include hydrodynamic interactions. Here, we introduce a simple
method to simulate self-propelled colloids interacting hydrodynamically in a viscous medium using
the lattice-Boltzmann technique. Our model is based on raspberry-type viscous coupling and a
force/counter-force formalism which ensures that the system is force free. We consider several
anisotropic shapes and characterize their hydrodynamic multipolar flow field. We demonstrate that
shape-anisotropy can lead to the presence of a strong quadrupole and octupole moments, in addition
to the principle dipole moment. The ability to simulate and characterize these higher-order moments
will prove crucial for understanding the behavior of model swimmers in confining geometries.
I. INTRODUCTION
The field of active matter has seen a surge in in-
terest from the scientific community during the last
decade [1, 2]. In particular, self-propelled particles
(swimmers) have received a great deal of attention, due to
recent breakthroughs that enable their fabrication on col-
loidal (1 nm - 1 µm) length scales [3–9] and their inherent
out-of-equilibrium nature [10, 11]. In such systems unex-
pected phenomena can occur, e.g., giant number fluctua-
tions, rectification, and collective motion [1, 2, 6]. In ad-
dition, artificial swimmers have been connected to a wide
range of practical applications, ranging from cancer ther-
apy to soil remediation [12–14], and countless naturally
occurring self-propelled ‘particles’ have been identified,
including humans [15], birds [16], fish [17], insects [18],
spermatozoa [19–21], bacteria [22–24], and algae [25, 26].
While the principle of autonomous motion is relevant
across many orders of magnitude in size and speed, some
of the most interesting behavior is found for colloidal
swimmers suspended in a viscous medium. The low
Reynolds number of these systems imposes that the mo-
tion of mechanical swimmers must be nonreciprocal, as
put forward by Purcell’s scallop theorem [27]. Another
class of swimmers are driven by phoretic mechanisms [3–
9]. Catalytic reactions taking place heterogeneously over
the particle’s surface break the time-reversal symmetry
for self-phoresing colloids. Both types of swimmer have
force-free flow fields, i.e., there is no monopole term
(Stokeslet) to the flow field in the absence of external
forces: only higher order hydrodynamic interactions (HI)
are present in the system. This has important conse-
quences for their interaction with each other [28], their
environment [29–32], and tracer particles [33–35].
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A wide range of techniques is available to study the
behavior of active particles using theory and simula-
tions. The most common model is active Brownian model
(ABM), which does not take HI into account. It has
been applied to simulate shape-anisotropic particles, in
bulk [36], under confinement [37], and in capturing ge-
ometries [38]. Hydrodynamics can be incorporated to
first order, by introducing a point-like dipole interaction,
either using lattice-Boltzmann (LB) simulations [39, 40],
or using a Stokesian description [41–44]. Universal as-
pects of swimmer dynamics are known to arise from these
long-range hydrodynamics. Therefore, having models
that can effectively simulate the correct long-range HI,
without concern for specific short-range interactions is
very valuable.
Biological and artificial self-propelled particles often
have a significant shape asymmetry, e.g., sperm or
bacteria [19–24] and L-shaped colloids [45]. This re-
quires modification of the far-field (and near-field) hy-
drodynamic description that goes beyond the dipole
term. That is, the shape anisotropy induces a series
of higher-order multipole moments [29]. The squirmer
model [46, 47] incorporates such higher-order HI. Squirm-
ers have been studied using LB [48–50], multi-particle-
collision-dynamics (MPCD) [51–53], and other hydrody-
namic solvers [30, 54–58]. The model has many appeal-
ing features, for instance, the ability to specify the exact
hydrodynamic character of the swimmers and the possi-
bility to add lubrication corrections [59]. Unfortunately,
the squirmer model has only been extended to ellipsoidal
swimmers [58], limiting its use to study the wide range
of anisotropic shapes available.
Thus far, there have been very few studies of highly
shape-anisotropic particles, where HI have been taken
into account [60–64]. The models that have been consid-
ered are typically highly system specific, or too computa-
tionally expensive to simulate a large number of particles.
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2An intermediate form is therefore required that takes into
account HI and strikes a balance between the accurate
simulation of shape-anisotropic particles and computa-
tional efficiency. The LB algorithm has been shown to
efficiently simulate HI and is therefore considered ide-
ally suited to this task. In particular, the simulations of
Nash et al. [40] demonstrate that LB can readily simulate
thousands of swimmers.
In this manuscript, we introduce a model with the
aforementioned features. We simulate colloids of arbi-
trary shape by approximating them as clusters of spheres,
see Fig. 1. These clusters are coupled to an LB fluid us-
ing the viscous coupling scheme introduced by Ahlrichs
and Du¨nweg [65], in which the friction depends on the
relative velocity of particle and fluid. The effect of this
coupling is the formation of a hydrodynamic hull around
the points, which thus gain an effective hydrodynamic
size [65]. Thereby, a solid particle can be modelled, which
resembles a raspberry [66] for a sufficient density of cou-
pling points [67, 68]. Self-propulsion is introduced by
following the principles of Refs. [39, 41, 42]: We assign a
direction (unit) vector to the raspberry particle and ap-
ply a persistent force along this direction and an equal
and opposite (counter) force to the fluid, see Fig. 1a.
The location of the counter force determines the nature
of the leading dipole moment and distinguishes pusher
(extensile) from puller (contractile) swimmers.
Using our model, we demonstrate that the anisotropy
of the particle induces higher order multipole moments,
in addition to the dipole moment that we impose. These
multipole moments account for the flow of fluid around
the object. We introduce a method to determine the
magnitude of these multipole moments by means of a
Legendre-Fourier analysis – we limit ourselves to axisym-
metric anisotropic swimmers here. This characterization
technique is applicable beyond our raspberry swimmers,
and may be of use in establishing the hydrodynamic na-
ture of complex swimmers, for which the flow field has
only been determined numerically [69–72]. We confirm
that we obtain the correct leading-order dipole moment
by considering the entrainment of a tracer particle in the
flow field caused by the swimmer. This also serves as a
proof of principle that our raspberry-swimmer model has
applications in more complex settings than single-particle
bulk simulations.
The raspberry swimmers introduced in this manuscript
present a facile method, by which anisotropic swimmers
can be modelled. It allows us to incorporate HI that go
beyond the principle dipole and are essential to the ac-
curate description of shape-anisotropic swimmers. The
raspberry swimmers can be utilized to gain new insights
into the behavior of anisotropic swimmers in various ge-
ometries, as we will further demonstrate in Ref. [73].
II. METHODS
In this section, we give an overview of the approaches
followed to obtain the results presented in Section III.
We first outline the principles of the raspberry model
and the construction of the raspberry swimmers. Next,
we specify the Molecular Dynamics (MD) and LB param-
eters used in our work. We subsequently provide details
on the simulations used to characterize the shape of the
swimmers. This is followed by a discussion on the deter-
mination of the hydrodynamic moments via a Legendre-
Fourier decomposition method, as well as by considering
the entrainment of a tracer particle.
A. The Raspberry Model
Ahlrichs and Du¨nweg [65] introduced a simple coupling
scheme to simulate moving particles in an LB fluid with-
out using Ladd (grid-based) bounce-back boundary con-
ditions [74]. In this approach, the particles are described
as points that couple to the fluid through a frictional
force, acting both on the solvent and on the solute, which
depends on the relative velocity. A hydrodynamic hull
forms around the points, which thus gain a finite hydro-
dynamic extent (effective hydrodynamic radius) [65], due
to this coupling and the interpolation of the force onto the
LB grid. This method is particularly suited to simulate
a monodisperse system of colloids where the far-field hy-
drodynamics dominate over the near-field contributions,
which are typically not accurately captured.
Lobaskin and Du¨nweg [66] utilized the point coupling
to simulate extended objects moving through a fluid by
introducing the “raspberry” model. A larger particle –
compared to a single coupling point – is modeled by dis-
cretizing the surface (and interior [67]) of the particle.
The method derives its name from this discretized na-
ture of the surface, which resembles a raspberry, when
represented by molecular-dynamics (MD) beads. When
a sufficient number of points is used to couple to the
fluid, the LB fluid inside the particle co-moves with the
coupling points, thus modelling a hydrodynamically solid
object. This raspberry coupling typically leads to an ef-
fective hydrodynamic extent of the object, that is larger
than that of outmost coupling points [67]. Despite the in-
troduction of other methods of describing extended par-
ticles in a LB fluid, the raspberry method has remained
popular, due to its simplicity.
B. Raspberry Swimmers
In this manuscript, we study four different particle
shapes using the so-called ‘raspberry’ model for particle-
fluid interactions [66]. These are a point-particle, a
sphere (Fig. 1b), a rod (Fig. 1a,c), and a cylinder
(Fig. 1d). The details of the construction of generic rasp-
berry particles are given in Ref. [67]. We will only re-
3mark on several important construction differences and
features of our models in the following.
The point-particle is similar to the system of Nash et
al. [39, 40] and will serve as a reference to which we com-
pare our anisotropic particles. It should be noted that
the Ahlrichs and Du¨nweg coupling scheme [65] does not
lead to rotational motion in a quiescent LB fluid (with-
out an external torque), because there is no rotational
coupling to the vorticity of the fluid flow. Nash et al.
have suggested a simple model to introduce such rota-
tions, which we find to be sensitive to lattice artifacts
without external flow, even when a 3-point interpolation
scheme is used. We therefore prefer to introduce rota-
tional coupling by utilizing the properties of an extended
raspberry model, which is known to accurately reproduce
the desired rotational coupling [66–68].
We chose an axisymmetric distribution of 269 coupling
points for the sphere raspberry with two concentric shells
to introduce internal coupling points. The shells con-
tain 134 points each, split up over 12 semi-circles with
11 equidistantly spread points and 2 points at the pole;
the central bead makes for 269. This is different from the
construction recipe provided in Ref. [67], where a random
distribution of coupling points was used. We favored an
axisymmetric distribution here, since the swimmer has a
preferred direction, namely its direction of motion. An
asymmetric (random) distribution leads to undesirable
deviations from rectilinear motion in the absence of ex-
ternal torques.
The rod and cylinder raspberry models simulate ob-
long particles. The rod is built up of 9 coupling points
spaced 0.5σ apart over a line, with σ the LB grid spacing
(σ is also the MD unit length). The cylinder consists of
161 coupling points spread over 23 groups of hexagonal
disks (7 particles with distance σ), stacked alternatingly
with a separation of 0.5σ along the axis. The rod is a
simplified version of the cylinder, because the rod can-
not experience fluid-flow induced rotation about its short
axis in the standard coupling scheme for the same rea-
sons that the point particle cannot rotate [65]. Moreover,
the hydrodynamic coupling of the rod is substantially re-
duced with respect to that of the cylinder, such that the
quality of the cylindrical surface that it approximates is
limited, due to the low coupling-point density [67]. Fi-
nally, it should be noted that the cylinder model has
been constructed to be axisymmetric about the direction
of motion.
All particles are made into swimmers by assigning a
unit (direction) vector uˆ to the particle, along its sym-
metry axis and originating in its center of mass (CM), see
Fig. 1a. This uˆ is updated according to the particle’s ori-
entation and its position (it co-moves). We apply a force
F to the CM in the direction of uˆ (F = Fuˆ) to cause the
raspberry particle to move. We follow the approach of
Nash et al. and apply a counter force −F to the fluid at a
position luˆ, with l the dipole length that can be positive
or negative, see Fig. 1a. Thereby, the swimmer reaches a
terminal (swimming) velocity U and its flow field is force
free. For positive values of l the swimmer is a puller
and for negative values it is a pusher, see Fig. 1a. Our
choice of the force coupling causes the dipole moment to
be off center with respect to the CM. For the swimmer
to obtain a reasonable U , we require l > σ.
C. Simulation Parameters
We used a graphics processing unit (GPU) based
LB solver, [75] that is attached to the MD software
ESPResSo [76, 77]. The GPU variant of LB implemented
in ESPResSo utilizes a D3Q19 lattice and a fluctuating
multi-relaxation time (MRT) collision operator [78]. All
of our simulations were performed in a quiescent (un-
thermalized) a LB fluid. We employed the LB viscous
coupling of Ref. [65], with a 3-point interpolation sten-
cil [74]. We found the 2-point interpolation to give rise
to lattice artifacts, e.g., oscillations in U of over 20% for
the point particle.
Here, we employ the same LB parameters as in
Refs. [67, 68], since these lead to faithful reproduction of
the Stokesian mobility tensor – both in bulk and under
confinement. We set the fluid density to ρ = 1.0m0σ
−3,
the lattice spacing to 1.0σ, the time step to ∆t = 0.005τ
(τ is the MD time unit), the (kinematic) viscosity to
ν = 1.0σ2τ−1, and the bare particle-fluid friction to
ζ0 = 25m0τ
−1, with m0 the MD mass unit. We refer
the reader to Ref. [67] for a detailed description of the
dimensionless numbers that specify the fluid properties
to which these choices correspond.
On the MD level, the raspberry particles are allowed
to freely move and rotate, unless otherwise specified. All
the forces acting on the MD beads are transferred to
the central bead via the virtual sites (rigid bonds). To
stabilize the simulation for the bare friction coefficients
used, we set the (bare) mass and rotational inertia of the
raspberry; these quantities should not be confused with
the virtual mass of the body in a fluid, see, e.g., Ref. [79]
for the definition. The mass and rotational inertia tensor
are based on the particle’s dimensions and the fluid mass
density, and must be chosen reasonably to ensure the
stability of the algorithm. The values of the imposed
physical quantities are listed in Table I.
D. Raspberry Characterization
We employed the methods of Refs. [67, 68] to charac-
terize the hydrodynamic properties of the raspberry par-
ticles. For the point and sphere swimmer, the methods
of Refs. [67, 68] could be directly applied to determine
the effective hydrodynamic radius Rh. For the rod and
cylinder swimmer, we used the formalism developed in
Ref. [67] for a dumbbell. The theoretical expressions for
the hydrodynamic mobility tensor (HMT) of a cylinder
segment [80] were used to extract the effective hydro-
dynamic radius Rh and half length Hh of the rod and
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FIG. 1. (color online) The construction of raspberry swimmers. (a) A sketch of the construction of pusher and puller raspberry
swimmers, in this case rods. The viscous coupling leads to an effective hydrodynamic radius, as indicated by the use of green
spheres with a radius comparable to the effective one (∼ 0.5σ). A force F (blue arrow) is applied to the central bead (blue
cross) in the direction of the symmetry axis uˆ (black arrow). A counter force −F (red arrow) is applied to the fluid at a point
luˆ (red cross), with l the dipole length. For l > 0 the particle is a puller and for l < 0 it is a pusher. (c-d) The flow field around
puller raspberry swimmers. The normalized magnitude of the flow velocity in the lab frame is indicated by the coloring (red
max |u(r)| = 1, dark blue |u(r)| = 0) in a plane through the symmetry axis that is parallel to one of the box faces; only a part
of the box is shown. The location of the counter-force point is clearly visible as a red region. The white curves are stream lines
to the flow field and the magenta arrow heads indicate the direction of flow. We show three of our models: (b) the rod, (c) the
sphere, and (d) the cylinder.
cylinder.
There are two fit parameters for a rod-shaped particle
(Rh and Hh) that can be extracted from the measure-
ments, to which the extrapolated bulk HMT must be fit.
In order to determine these two parameters simultane-
ously, we minimized the following functional
f(H,R) =
(
(µm‖ − µ‖(H,R))2 + (µm⊥ − µ⊥(H,R))2
+ (µmr − µr(H,R))2
)
, (1)
where the superscript ‘m’ signifies the measured quantity,
µ‖ is the translational mobility parallel to the symmetry
axis, µ⊥ the translational mobility perpendicular to this
axis, and µr the mobility associated with reorientation of
the symmetry axis. To minimize internal inconsistency
we use a single fit parameter for both Hh = H + ∆ and
Rh = R + ∆. That is, we minimize f(H + ∆, R + ∆),
with H and R the imposed half-length and radius. This
also ensures a well-definedness of the result for R = 0
(the rod), since we have ∆ > 0 which eliminates the di-
vergences in the logarithmic terms of Ref. [80]. The value
of ∆ found for the rod is then its effective hydrodynamic
radius and should be comparable to the effective radius
of a point. This is indeed the case, as can be inferred
from the measured parameters listed in Table I.
5shape R/σ H/σ M/m0 I‖ I⊥ Rh/σ Hh/σ
point - - 4.8 4.8 4.8 0.56 -
sphere 2.5 - 66. 160 160 3.1 -
rod - 2.0 7.1 1.5 17 0.87 2.9
cylinder 1.0 5.5 85. 95. 1100 1.6 6.1
TABLE I. List of the properties of our raspberry swimmers.
From left to right, the particle shape, the imposed radius R
and half length H, the mass of the particle M , the moment of
inertia parallel to the axis of symmetry I‖ (with unit m0σ
2),
the moment perpendicular to this axis I⊥ (with unit m0σ2),
and the measured effective hydrodynamic radius Rh and half
length Hh. We used the MD units σ (unit length) and m0
(unit mass) to de-dimensionalize our parameters.
E. Moment Characterization
The hydrodynamic properties of the raspberry swim-
mers are assessed by placing a single swimmer in the cen-
ter of a cubic box with side length L = 150σ and periodic
boundary conditions, that is centered on the origin and
axis aligned. This length L is a trade-off between simula-
tion speed and minimization of periodicity effects. We let
the swimmer move along the z-axis in the positive direc-
tion and allow a steady-state flow field to set in and take
a snapshot, see Fig. 1b-d. We determine the distance
d travelled by the swimmer and we shift the measured
flow field by this distance, such that the swimmer’s CM
is located in the origin.
The flow fields display a clear hydrodynamic dipole.
The near-field curvature of the flow-lines is due to the
finite separation of the force and counter-force point.
Note that the flow lines mostly pass around the extended
raspberries (sphere and cylinder), indicating that the vis-
cous coupling indeed causes a hydrodynamic hull to form
around the raspberry. Those that pass through the ob-
ject are mostly due to the result being shown in the labo-
ratory frame, although the extended raspberries can have
a slight porosity [67]. It is the flow around the object,
coupled to the shape-anisotropy, that is responsible for
the presence of higher-order moments in the swimmer’s
flow field. Finally, far away from the swimmer (not visi-
ble on the scale of Fig. 1b-d) the flow lines are closed due
to the periodic boundary conditions.
The flow field is Legendre-Fourier (LF) decomposed
into modes to determine these hydrodynamic moments.
First, we transform the fluid velocity field u(r) from
Cartesian coordinates to spherical polar coordinates,
with φ the azimuthal and θ the polar angle. The az-
imuthal φˆ component is zero due to symmetry and can
be ignored, leaving the radial rˆ and polar (tangential) θˆ
component. This flow field is then cylindrically averaged
around the z-axis to arrive at expressions of the form
ur(r, θ) and uθ(r, θ) for the radial and tangential compo-
nents of the flow field, respectively. Finally, we project
out the θ dependence using LF decomposition
ux,n(r) =
2n+ 1
2
∫ pi
0
sin(θ)Ln(cos(θ))ux(r, θ)dθ, (2)
with n the index of the mode, Ln the Legendre polyno-
mial of order n, and x = r or x = θ depending on the
component. For the series of mode functions ur,n(r) and
uθ,n(r), we fit the long-range decay using a power-law,
see, e.g., Fig. 2.
We compare the power-law decay obtained in our
modes to the expected decay of the monopole (st,
Stokeslet), dipole (di, Stresslet), source-dipole (sd),
quadrupole (qu), octupole (oc), and source-octupole (so)
moments. We found that there are no monopole and
source terms [81] (ust, usd, and uso = 0). Thus the ex-
pressions for the flow fields generated by a swimmer that
is centered at the origin and pointing along the zˆ direc-
tion are given by a sum of
udi(r, θ) =
A
r2
(
1 + 3 cos(2θ)
2
, 0
)
; (3)
uqu(r, θ) =
B
r3
(
− cos(θ) + 3 cos(3θ)
2
,
sin(θ)− 3 sin(3θ)
8
)
; (4)
uoc(r, θ) =
C
r4
(
3 + 4 cos(2θ) + 25 cos(4θ)
16
,
−2 sin(2θ) + 5 sin(4θ)
8
)
, (5)
up to fourth order. Here, the coefficients A, B, and C
give the strength and we list the components rˆ (first en-
try) and θˆ (second entry). When the first four hydrody-
namic moments are LF decomposed, we obtain a series
of power-law decays.
Table II shows the mode decomposition and the follow-
ing observations can be made. (i) Every moment has a
‘unique’ power-law decay: st r−1, di r−2, qu r−3, oc r−4,
etc.; provided that the source terms can be ignored. (ii)
It is sufficient to consider uθ,0 and check for r
−1 decay to
determine if the system is force free. (iii) The dipole is
the only moment that has exactly one nonzero entry in its
LF spectrum. Thus A can be extracted by fitting r−2 to
the ur,2 mode. (iv) For the quadrupole moment, the ur,3
mode is ideally suited to determine the factor B, as there
is no n = 3 component to the source-dipole. (v) If we
subtract the measured quadrupole moment from the uθ,2
mode then we find no remaining r−3 decay, proving the
absence of the source dipole moment. (vi) The strength
B of the quadruple moment can be double checked by
using any of the other nonzero entries, provided that the
source-dipole term can be excluded. (v) Finally, a simi-
lar approach can be followed to establish the value of C
for the octupole moment (by fitting r−4 to ur,4) and the
higher-order moments.
It should be noted that there are short-ranged monopo-
lar signatures, because point forces are used in the rasp-
6name st di sd qu oc so
decay r−1 r−2 r−3 r−3 r−4 r−4
n comp pref pref pref pref pref pref
0
rˆ 0 0 0 0 0 0
θˆ −pi/22 0 pi/22 pi/25 0 0
1
rˆ 2 0 2 2/5 0 0
θˆ 0 0 0 0 −3pi/25 −3pi/23
2
rˆ 0 2 0 0 −6/7 −2
θˆ 5pi/25 0 −5pi/25 −25pi/27 0 0
3
rˆ 0 0 0 −12/5 0 0
θˆ 0 0 0 0 203pi/29 7pi/25
4
rˆ 0 0 0 0 20/7 0
θˆ 9pi/28 0 −9pi/28 387pi/212 0 0
TABLE II. The Legendre-Fourier (LF) mode decomposi-
tion of the first hydrodynamic moments for a swimmer that
can have an arbitrarily complex flow field. The first row
lists the moments: monopole (st, Stokeslet), dipole (di,
Stresslet), source-dipole (sd), quadrupole (qu), octupole (oc),
and source-octupole (so). The second row provides the decay.
The third row labels the content of the rest of the table, from
left to right: the mode, the radial/tangential component, and
the prefactors. We only specify modes up to n = 4 here. The
table is used to determine a specific LF mode by combining
the prefactor with the decay and relevant strength coefficient.
For example, the 2nd mode of the tangential component of
the quadrupole is given by uquθ,2(r) = −25piB/(27r3).
berry force/counter-force scheme. However, there is no
long-range (r  max(H,R)) decay that is proportional
to r−1. In fact, all the decays must be measured suf-
ficiently far away from the swimmer, as the 3-point in-
terpolation and finite size of the object will significantly
modify the near-field shape of the decay, as we will see.
Another source of error, when fitting, is the periodicity of
the LB simulation domain. Care must be taken to only
use the decay sufficiently far from the edge of the peri-
odic simulation box. In practice, this limits the regime
over which the decay can be fitted but these limitations
are apparent from the data.
Finally, it is possible to use the LF mode decompo-
sition to extract moments in other swimmer bases. We
have used this method to extract a series of coefficients
for the squirmer model [46, 47]. The result is a set of
coefficients that is analogous to the above moment de-
composition and may be used to map our models onto
LB simulations of squirmers – we do not provide these
coefficients here. Interestingly, the near-field correspon-
dence between the raspberry flow field and that of the
matched squirmer is not substantially improved, even for
a spherical particle. We attribute this to the difference
in method of achieving self-propulsion. That is, squirm-
ers have a predefined surface slip velocity, which inade-
quately captures the presence of the counter-force point
in the near field.
F. Entrainment Matching
We confirmed that our LF decomposition gives rea-
sonable values for the strength of the dipole moment,
by considering the entrainment of a tracer particle in
the flow field of the swimmer. Again, we performed our
simulations in a cubic box with edge length L = 150σ,
with periodic boundary conditions. The swimmer is ini-
tially positioned at (0, 0,−L/2) pointing in the zˆ direc-
tion, and the tracer is placed at (15σ, 0, 0). The minimum
swimmer-tracer separation of 15σ gives reasonable results
that are not too strongly affected by periodicity. As the
swimmer moves from one edge of the box to the other,
the tracer is advected (entrained) by the swimmers flow
field. A sketch of this situation is provided in Fig. 3.
The expression for the dipole moment can be used to
numerically solve for the trajectory of a tracer using the
form
∂rtr
∂t
= udi(rtr − rsw), (6)
where rtr is the position of the tracer, rsw the position
of the swimmer, and udi the dipole flow field generated
by the tracer. Since the trajectory of the swimmer is a
straight line and it moves at a constant speed, Eq. (6)
becomes a differential equation in terms of the tracer po-
sition only, which can be numerically evaluated. The the-
oretically predicted trajectory can then be fitted to the
trajectory observed in the LB simulations for strength of
the dipole moment, which we denote by A∗ to differenti-
ate it from the value obtained from the mode decompo-
sition.
The trajectory of the tracer has a characteristic con-
cave triangular shape [33]; an example is shown in Fig. 3
for a puller. This shape is formed as follows (in the case
of a puller). First, the tracer is pulled towards the swim-
mer, as the tracer is in front of the swimmer (i in Fig. 3).
Then the tracer is pushed away from the swimmer, when
it is alongside of the swimmer (ii). Finally, when the
swimmer moves away from the tracer, the tracer is again
pulled towards the swimmer (iii). Here, we have ac-
counted for the effects of periodic boundary conditions
on the entrainment trajectories, which are minor.
III. RESULTS
In this section we present our results. We first dis-
cuss the reasons for choosing specific values for the
force/counter-force point separation l. This is followed
by an analysis of our LF-mode decomposition applied to
the raspberry particles that we constructed. Finally, we
provide results for the entrainment experiment that we
performed to verify our mode decomposition.
7shape l/σ F U Upr A A
∗ B C
× 1 1 10−3 10−3 10−2 10−2 10−2 1
point
1.0
0.37
20.
35.
−1.4 −1.4 N/A N/A
−1.0 20. 1.4 1.4 N/A N/A
sphere
3.5
3.8
3.5
67.
−10. −10. N/A −3.1
−3.5 3.3 10. 10. N/A 3.1
rod
2.7
0.21
2.5
3.4
−1.3 −1.4 3.7 −0.11
−2.7 2.5 1.3 1.4 3.7 0.11
cylinder
6.5
0.60
0.99
4.8
−2.7 −3.2 23. −2.1
−6.5 1.0 2.7 3.2 23. 2.1
TABLE III. The imposed and measured properties of our LB
raspberry swimmers. The table provides the shape, the po-
sition l at which the counter force is applied (positive for
a puller and negative for a pusher), the force F in units of
m0σ/τ
2, the measured velocity U of the swimmer in units of
(σ/τ), the velocity Upr in units of (σ/τ) that is predicted on
the basis of force and mobility, the dipole strength A from the
LF decomposition in units of (σ3/τ), the dipole strength A∗
as measured in the entrainment experiment, and B and C the
quadrupole and octupole strength from the LF decomposition
in units of (σ4/τ and σ5/τ), respectively. The entries N/A
indicate that a certain moment was not found.
A. Swimming Speed and the Counter-Force Point
We first measured the hydrodynamic mobility of our
particles to determine their shape and size using the pro-
cedures outlined in Section II D, see Table I. Please re-
fer to Refs. [66, 67] for additional details on the way in
which the effective size and shape of the raspberry par-
ticles can be established. Using our fitted shape param-
eters, the mass and rotational inertia can be determined
using the standard expressions for cylindrical and spher-
ical objects, assuming a mass density that is the same of
that of the fluid, see Table I. This ensures the stability
of the simulation [67]. To verify that our anisotropic dis-
tribution of coupling points did not give the sphere an
anisotropic hydrodynamic mobility tensor, we measured
the sphere’s mobility around different axes. We found
the mobility to be isotropic to within an acceptable tol-
erance: all measurements gave mobilities that differed by
at most 2%.
We varied the dipole lengths and force values to study
their impact on the velocity and dipole strength. Pro-
vided the counter-force point is sufficiently far from the
swimmer, one would expect the velocity of the swimmer
to be dominated by the force applied to it directly and
its hydrodynamic mobility, with the counter-force point
having almost no effect. However, when the counter-
force point is close to the swimmer, it starts to influence
the measured velocity. In all cases, the velocity decreases
with respect to that of a swimmer where the counter force
is applied far away. When the counter-force point is too
close, the effective swimming speed is negligible. This is
also partially due to the 3-point interpolation applying
the counter-force directly inside the volume occupied by
the raspberry particle. Fortunately, when the counter-
force is applied more than 1 grid spacing away from the
closest coupling point, we found that the velocity U of the
swimmer is dominated by the mobility µ‖ and the value
of F , i.e., U = µ‖F , and reasonable swimming speeds
can be obtained. Table III provides the swimming pa-
rameters (specifically the value of l) that we used for the
remainder of our investigation. Our choice is based on a
trade-off between stability and speed of the swimmer (or
equivalently, overall run time of the simulation).
The values of the measured and predicted speed (Upr =
µ‖F ) in Table III illustrate the speed reduction due to the
counter-force being applied relatively close to the swim-
mer. For a sphere the effect is most pronounced, since
we have Upr = F/(6piηRh) ≈ 6.7 10−2 σ/τ , where Rh is
the effective hydrodynamic radius (as discussed in Sec-
tion II A), and we observe U = 3.5 10−3 σ/τ . For the
point, rod, and cylinder, on the other hand, Upr is compa-
rable to U , as these shapes experience less of an effect of
the counter force. Also note that there can be a measur-
able difference between the speed of a pusher and a puller
for the same raspberry particle, see the sphere entry in
Table III. This difference is caused by the asymmetry in
the way the forces are applied for the two types of swim-
ming, as shown in Fig. 1a, and is most strongly revealed
for the simulations where the counter-force point is close
to the swimmer. Finally, it should be pointed out that
we averaged U over several periods of the oscillations re-
sulting from the lattice interpolation, see Ref. [67] for a
discussion. The deviation from this average was found to
be limited to less than 5%.
B. The Legendre-Fourier Decomposition
Figure 2 shows a representative example of the LF de-
composition of the flow fields for the specific case of the
rod-shaped puller. There are several points of interest.
(i) The long-range decay of each mode follows a power
law. These decays are fitted using r−2, r−3, and r−4, re-
spectively, showing that the flow field can be well approx-
imated by a dipole, quadrupole, and octupole moment,
to fourth order. (ii) For ur,1 Table II predicts a sum of
r−n terms, with n = 1, 3. However, there is clearly no
r−1 term, signifying that there is no long-range monopole
moment, and the remaining decay is well captured using
the r−3 term only. (iii) Deviations far from the particle
can be attributed to the periodicity of the simulation do-
main, but are limited, as can be seen. (iv) The small r
deviations from the expected power laws mark the on-
set of the near-field region in the immediate vicinity of
the swimmers. For r < l, as indicated using the thick
dark-gray line in Fig. 2, the projection onto LF modes
integrates over parts of the fluid where the particle is
present. For r ≈ l the maximum is achieved, due to
the counter-force point being included in the projection.
(v) As explained in Section II E the ur,1 and ur,3 curves
can be fitted to determine the value of B independently.
(vi) The value of C was extracted from ur,4 and veri-
810−6
10−5
10−4
10−3
10−2
 0.5  1  2  4  8  16  32  64
r−2
r−3 r−3
r−4
|u r
,n
|
r
ur,1
ur,2
ur,3
ur,4
FIG. 2. (color online) Legendre-Fourier mode decomposition
of the flow field around a puller-type rod-shaped raspberry
swimmer. Log-log plot of the first four radial modes obtained
by our averaging and decomposition procedure: ur,1 (red),
ur,2 (green), ur,3 (blue), and ur,4 (black). The dashed curves
show the LB data, while the gray curves show the power-law
fits to this data. The thick gray vertical line indicates r = l.
fied against other modes that decay as r−4. Table III
lists the moments that were obtained using the decom-
position. The error on the fit is very small, but there
are numerous sources of systematic error (interpolation,
averaging, etc.). From our analysis, we consider an esti-
mated 15% error to be justified, which we arrive at by
considering the value obtained for the various modes.
We found quadrupole moments for both the rod and
the cylinder using our LF decomposition. For the point
swimmer, there was no sign of a quadrupole moment,
since the viscous coupling and application of the counter
force lead to a symmetric (albeit off-center from the
bead) force configuration. Surprisingly, for the sphere
we could not establish a quadrupole moment. The extent
of the sphere, coupled with the off-center force/counter-
force scheme that we used, should result in a quadrupole
moment. However, it is likely that it was too small to
be measured, despite the application of high forces for
this swimmer. This leads us to conclude that the shape
anisotropy of the rod and cylinder is the primary rea-
son behind the large quadrupole moment. Spagnolie and
Lauga [29] relate the appearance of the quadrupole mo-
ment to a length asymmetry between the body and flagel-
lum in a mechanically propelled swimmer. This interpre-
tation lends itself to our data, as the shape anisotropic
particle applies force to the fluid over a much greater
length than the counter-force point does. However, Spag-
nolie and Lauga also claim that the size of the body in-
duces a source dipole, which we do not observe in our
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FIG. 3. (color online) Entrainment curve for a tracer in the
flow field of a rod-shaped raspberry swimmer. The param-
eters ∆x and ∆z show the amount of deviation from the
tracer’s original position as the swimmer, in this case a puller,
moves through the box. The red curve shows the result of our
LB simulations, while the blue dashed curve shows the fitted
theoretical result. The numbers and magenta arrows indicate
the way in which this curve is traversed by the tracer. The
inset shows a sketch of the trajectory of a puller-type swim-
mer (green arrow) and the entrainment of the tracer (red dot)
that this effects.
results. Finally, we found an octupole moment for all
particles, save the point swimmer (as expected). This
implies that our model swimmers can be described by a
series of force multipoles only, rather than a combination
of force and source multipoles.
C. Tracer Entrainment by a Raspberry Swimmer
To verify our mode decomposition and demonstrate
the utility of the raspberry-swimmer model, we consid-
ered the entrainment of a tracer particle in the fluid
flow field generated by a swimmer, as explained in Sec-
tion II F. Figure 3 shows a representative example of such
an entrainment curve, in this case for the rod-shaped
puller with a fitted coefficient A∗. The value of A∗ could
be fitted with an estimated error of 15%, due to the asym-
metry in the curve. The curve is far less sensitive to the
value of the quadrupole and octupole moment, because
of their faster decay, which made it difficult to estab-
lish these moments from the curve with any accuracy.
A much smaller tracer-swimmer separation would be re-
quired to measure the quadrupole moment and an even
smaller separation for the octupole moment. However,
this too introduces difficulties due to the near-field devi-
ations from the power-law decay, as shown in Fig. 2.
9Retardation effects cause the deviation observed on the
left-hand side of Fig. 3; part (i) of the trajectory. That is,
the part of the trajectory for which the swimmer moves
towards the particle. However, as the swimmer starts
off in a quiescent fluid, it takes a finite simulation time
for the steady-state flow field to be established, which is
reflected in that part of the trajectory. Nevertheless, the
fact that we can reproduce far-field tracer trajectories
with a high level of accuracy indicates that our method
can be successfully applied to more complex situations.
IV. CONCLUSION AND OUTLOOK
Summarizing, we have introduced a new model to
simulate anisotropic self-propelled colloids with hydro-
dynamic interactions utilizing the lattice Boltzmann
method. Our LB model is based on the raspberry-type
viscous coupling method introduced in [65, 66] and re-
cently re-examined in detail in [67, 68]. The raspberry
particles are made to move by applying a force along
a unit vector that describes their orientation. The cor-
rect force-free flow field is achieved by applying an op-
posing counter force to the fluid, see Fig. 1a. This
force/counter-force formalism is similar to the ones in-
troduced in Refs. [39, 41, 42]. However, we go beyond
the level of description presented there to introduce the
particle shape and size.
We verified that our raspberry swimmers model self-
propelled colloids, by considering four basic shapes: a
point, a sphere, a rod, and a cylinder, see Fig. 1. We
discussed the creation of these swimmers, as well as the
limitations of our method in detail. We introduce and
carefully detail a Legendre-Fourier mode decomposition
of the steady-state flow field (in bulk). This LF decom-
position allowed us to determine the hydrodynamic mo-
ments of our swimmers, by fitting the mode-space de-
cays with characteristic power-laws. The exponent of
the decay for a specific mode is characteristic of a cer-
tain hydrodynamic moment. Using this formalism, we
found that there is no monopole moment, as physically
required for a force-free swimmer. The strengths for the
series of higher-order moments were determined up to
the octupole term. Our LF decomposition formalism is
sufficiently generic to be applied to other swimmer bases
as well and, for example, can be used to obtain the coef-
ficient list for a squirmer.
To validate our LF decomposition result, as well
as have proof-of-concept application of our simulation
method, we considered the entrainment of a tracer par-
ticle in the flow field of a passing swimmer. The en-
trainment curve allowed us to verify the dipole moment
predicted by the decomposition. The quadrupole and oc-
tupole moments could not be verified in this fashion, due
to their faster decay as well as near-field discretization
artifacts. Fortunately, using the LF modes allows for in-
ternal verification of their strength. We observed that
anisotropy introduces a strong quadrupole moment into
the flow field surrounding the swimmer, as is expected.
The advantage of our raspberry-swimmer description
over previously introduced models [39, 41, 42] is that we
obtain the hydrodynamic mobility tensor of our swim-
mers directly from the LB coupling, which ensures that
the raspberry swimmers display the correct translational
and rotational behavior in flow. In addition, our raspber-
ries have a finite extent, which leads to a more physical
description of particle-particle collisions than can cur-
rently be achieved by LB sub-lattice methods [39, 40].
The coupling to the LB fluid makes it difficult to accu-
rately describe the near-field HI, which is also a limit-
ing factor for other methods. However, our raspberry
method ensures that fluid flows around the body, pro-
vided that a sufficient number of coupling points is
used [67]. This allows us to capture the higher-order
sub-dominant HI terms, which can be of importance for
the long-range flow field.
In continuation of this work, we will consider the ef-
fect of the shape anisotropy and the quadrupole moment
on the motion of self-propelled particles in confining ge-
ometries [73]. The presence of such modes will prove
crucial to the behavior of such particles, despite their
much stronger decay compared to that of the dipole mo-
ment. Further extensions of the formalism could include
incorporating rotational contributions to the flow field,
in a similar spirit the work of Nash et al. [39], as well as
verification of the method for non-axisymmetric shapes.
Finally, the characterization method of LF decomposi-
tion, as described here, can be applied to determine the
HI of complex swimmers, for which only numerical solu-
tions to the flow field exist. We therefore expected that
raspberry swimmers and the methods developed in this
manuscript will open the way for new directions in the
study of active anisotropic particles.
ACKNOWLEDGEMENTS
JdG acknowledges financial support by a NWO Ru-
bicon Grant (#680501210). JdG and CH thank the
DFG for funding through the SPP 1726 “Microswimmers
– From Single Particle Motion to Collective Behavior”.
AJTMM and TNS acknowledge financial support from
an ERC Advanced Grant MiCE (291234). TNS thanks
EMBO for funding through (ALTF181-2013). We are
also grateful to J. Stenhammar, G. Rempfer, and O.A.
Hickey for useful discussions.
[1] S. Ramaswamy, Annu. Rev. Condens. Matter Phys. 1,
323 (2010).
[2] M. Marchetti et al., Rev. Mod. Phys. 85, 1143 (2013).
10
[3] R. Ismagilov, A. Schwartz, N. Bowden, and G. White-
sides, Angew. Chem. Int. Ed. 41, 652 (2002).
[4] W. F. Paxton et al., J. Am. Chem. Soc. 126, 13424
(2004).
[5] S. J. Ebbens and J. R. Howse, Soft Matter 6, 726 (2010).
[6] Y. Hong, D. Velegol, N. Chaturvedi, and A. Sen, Phys.
Chem. Chem. Phys. 12, 1423 (2010).
[7] S. Sengupta, M. E. Ibele, and A. Sen, Angew. Chem. Int.
Ed. 51, 8434 (2012).
[8] W. Wang, W. Duan, S. Ahmed, T. E. Mallouk, and
A. Sen, Nano Today 8, 531 (2013).
[9] S. Sa´nchez, L. Soler, and J. Katuri, Angewandte Chemie
International Edition 54, 1414 (2015).
[10] M. Cates, Rep. Prog.Phys. 75, 042601 (2012).
[11] M. Cates and J. Tailleur, Ann. Rev. Cond. Mat. Phys.
6, 219 (2015).
[12] H.-L. Lien and W.-x. Zhang, J. Environ. Eng. 125, 1042
(1999).
[13] B. J. Nelson, I. K. Kaliakatsos, and J. J. Abbott, Annu.
Rev. Biomed. Eng. 12, 55 (2010).
[14] W. Wang et al., Angew. Chem. Int. Ed. 53, 3201 (2014).
[15] D. Helbing, I. Farkas, and T. Vicsek, Nature 407, 487
(2000).
[16] M. Ballerini et al., Proc. Natl. Acad. Sci. 105, 1232
(2008).
[17] Y. Katz, K. Tunstrøm, C. Ioannou, C. Huepe, and
I. Couzin, Proc. Nat. Acad. Sci. 108, 18720 (2011).
[18] J. Buhl et al., Science 312, 1402 (2006).
[19] D. Woolley, Reproduction 126, 259 (2003).
[20] I. Riedel, K. Kruse, and J. Howard, Science 309, 300
(2005).
[21] R. Ma, G. Klindt, I. Riedel-Kruse, F. Ju¨licher, and
B. Friedrich, Phys. Rev. Lett. 113, 048101 (2014).
[22] A. Sokolov, I. Aranson, J. Kessler, and R. Goldstein,
Phys. Rev. Lett. 98, 158102 (2007).
[23] J. Schwarz-Linek et al., Proc. Nat. Acad. Sci. 109, 4052
(2012).
[24] M. Reufer et al., Biophys. J. 106, 37 (2014).
[25] M. Polin, I. Tuval, K. Drescher, J. Gollub, and R. Gold-
stein, Science 325, 487 (2009).
[26] V. Geyer, F. Ju¨licher, J. Howard, and B. Friedrich, Proc.
Nat. Acad. Sci. 110, 18058 (2013).
[27] E. Purcell, Am. J. Phys. 45, 3 (1977).
[28] E. Lauga and T. Powers, Rep. Prog. Phys. 72, 096601
(2009).
[29] S. Spagnolie and E. Lauga, J. Fluid Mech. 700 (2012).
[30] L. Zhu, E. Lauga, and L. Brandt, J. Fluid Mech. 726,
285 (2013).
[31] W. Uspal, M. Popescu, S. Dietrich, and M. Tasinkevych,
Soft Matter 11, 434 (2014).
[32] A. Mathijssen, A. Doostmohammadi, J. Yeomans, and
T. Shendruk, arxiv 1511.01859, 1 (2015).
[33] D. Pushkin and J. Yeomans, Phys. Rev. Lett. 111,
188101 (2013).
[34] A. Morozov and D. Marenduzzo, Soft Matter 10, 2748
(2014).
[35] A. Mathijssen, D. Pushkin, and J. Yeomans, Journal of
Fluid Mechanics 773, 498 (2015).
[36] H. Wensink and H. Lo¨wen, J. Phys.: Cond. Mat. 24,
464130 (2012).
[37] H. H. Wensink and H. Lo¨wen, Phys. Rev. E 78, 031409
(2008).
[38] A. Kaiser, K. Popowa, H. H. Wensink, and H. Lo¨wen,
Phys. Rev. E 88, 022311 (2013).
[39] R. Nash, R. Adhikari, and M. Cates, Phys. Rev. E 77,
026709 (2008).
[40] R. Nash, R. Adhikari, J. Tailleur, and M. Cates, Phys.
Rev. Lett. 104, 258101 (2010).
[41] J. Hernandez-Ortiz, C. Stoltz, and M. Graham, Phys.
Rev. Lett. 95, 204501 (2005).
[42] D. Saintillan and M. Shelley, Phys. Rev. Lett. 99, 058102
(2007).
[43] J. Swan, J. Brady, R. Moore, and C. 174, Phys. Fluid
23, 071901 (2011).
[44] R. Singh, S. Ghose, and R. Adhikari, J. Stat. Mech.
2015, P06017 (2015).
[45] F. Ku¨mmel et al., Phys. Rev. Lett. 110, 198302 (2013).
[46] M. Lighthill, Commun. Pure App. Math. 5, 109 (1952).
[47] J. Blake, J. Fluid. Mech. 46, 199 (1971).
[48] I. Pagonabarraga and I. Llopis, Soft Matter 9, 7174
(2013).
[49] G.-J. Li and A. Ardekani, Phys. Rev. E 90, 013010
(2014).
[50] J. Lintuvuori, A. Brown, K. Stratford, and D. Maren-
duzzo, arxiv 1508.04255, 1 (2015).
[51] M. Downton and H. Stark, J. Phys.: Cond. Mat. 21,
204101 (2009).
[52] A. Zo¨ttl and H. Stark, Phys. Rev. Lett. 112, 118101
(2014).
[53] K. Schaar, A. Zo¨ttl, and H. Stark, Phys. Rev. Lett. 115,
038101 (2015).
[54] T. Ishikawa, J. Locsei, and T. Pedley, J. Fluid Mech.
615, 401 (2008).
[55] A. Doostmohammadi, R. Stocker, and A. Ardekani,
Proc. Nat. Ac. Sci. 109, 3856 (2012).
[56] J. Molina, Y. Nakayama, and R. Yamamoto, Soft Matter
9, 4923 (2013).
[57] R. Matas-Navarro, R. Golestanian, T. Liverpool, and
S. M. Fielding, Phys. Rev. E 90, 032304 (2014).
[58] B. Delmotte, E. Keaveny, F. Plouraboue´, and E. Climent,
J. Comput. Phys. 302, 524 (2015).
[59] T. Ishikawa, M. Simmonds, and T. Pedley, J. Fluid Mech.
568, 119 (2006).
[60] Y.-G. Tao and R. Kapral, J. Chem. Phys. 128, 164518
(2008).
[61] J. Elgeti, U. Kaupp, and G. Gompper, Biophys. J. 99,
1018 (2010).
[62] F. Lugli, E. Brini, and F. Zerbetto, J. Phys. Chem. C
116, 592 (2012).
[63] J. Hu, M. Yang, G. Gompper, and R. Winkler, Soft
Matter 11, 7867 (2015).
[64] H. Wu et al., Phys. Rev. E 92, 050701 (2015).
[65] P. Ahlrichs and B. Du¨nweg, J. Chem. Phys. 111, 8225
(1999).
[66] V. Lobaskin and B. Du¨nweg, New J. Phys. 6, 54 (2004).
[67] L. Fischer, T. Peter, C. Holm, and J. de Graaf, J. Chem.
Phys. 143, 084107 (2015).
[68] J. de Graaf, T. Peter, L. Fischer, and C. Holm, J. Chem.
Phys. 143, 084108 (2015).
[69] H.-R. Jiang, N. Yoshinaga, and M. Sano, Phys. Rev.
Lett. 105, 268302 (2010).
[70] T. Bickel, A. Majee, and A. Wu¨rger, Phys. Rev. E 88,
012301 (2013).
[71] J. de Graaf, G. Rempfer, and C. Holm, NanoBioscience,
IEEE Transactions on 14 (2015).
[72] S. Samin and R. van Roij, Phys. Rev. Lett. 115, 188305
(2015).
[73] J. de Graaf et al., - -, (2016).
11
[74] A. Ladd, J. Fluid Mech. 271, 285 (1994).
[75] D. Roehm and A. Arnold, Eur. Phys. J. ST 210, 73
(2012).
[76] H. J. Limbach, A. Arnold, B. A. Mann, and C. Holm,
Comp. Phys. Comm. 174, 704 (2006).
[77] A. Arnold et al., ESPResSo 3.1 — Molecular Dynam-
ics Software for Coarse-Grained Models, in Meshfree
Methods for Partial Differential Equations VI, edited by
M. Griebel and M. A. Schweitzer, volume 89 of Lecture
Notes in Computational Science and Engineering, page 1,
Springer, 2013.
[78] D. d’Humie`res, I. Ginzburg, M. Krafczyk, P. Lallemand,
and L.-S. Luo, Philos. Trans. A Math. Phys. Eng. Sci.
360, 437 (2002).
[79] R. Zwanzig and M. Bixon, J. Fluid Mech. 69, 21 (1975).
[80] M. Tirado, C. Martinez, and J. de la Torre, The Journal
of Chemical Physics 81, 2047 (1984).
[81] The absence of source terms is specific to the LB
force/counter-force raspberry swimmer. That is, there
are no sources or sinks of the LB fluid. However, other
models such as the squirmer [46, 47] can have source-
dipole contributions that must be considered in fitting
the data.
